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CANONICAL REPRESENTATIVES FOR DIVISOR CLASSES ON 
TROPICAL CURVES AND THE MATRIX-TREE THEOREM 

YANG AN, MATTHEW BAKER, GREG KUPERBERG, AND FARBOD SHOKRIEH 

Abstract. Let F be a compact tropical curve (or metric graph) of genus g. Using the theory 
of tropical theta functions, Mikhalkin and Zharkov proved that there is a canonical effective 

C*^ representative for each linear equivalence class of divisors of degree g on F. We characterize 

these canonical effective representatives as the set of break divisors on F and present a new 
combinatorial proof that there is a unique break divisor in each equivalence class. We also 
establish the closely related fact that for fixed q eT, every divisor of degree 5 — 1 is linearly 
f*) , equivalent to a unique q-orientable divisor. For both of these results, we also prove discrete 

versions for finite unweighted graphs which do not follow from the results of Mikhalkin- 
Zharkov. As an application of the theory of break divisors, we provide a "geometric proof" 

^*' of (a dual version of) Kirchhoff's celebrated Matrix- Tree Theorem. Indeed, we show that 

each weighted graph model G for F gives rise to a canonical polyhedral decomposition of 

I— I the g-dimensional real torus Pic^(F) into parallelotopes Ct, one for each spanning tree T of 

^^ G, and the dual Kirchhoff theorem becomes the statement that the volume of Pic^(F) is the 

r) sum of the volumes of the cells in the decomposition. 

a 

,S, 1. Introduction 

,__! Let r be a compact tropical curve (or metric graph) of genus g. There is a canonical 

t> continuous map tt : Div^(r) — )■ Pic^(r) taking an effective divisor of degree ^f on F to 

its linear equivalence class. Using tropical theta functions, Mikhalkin and Zharkov |MZ08j 
CNj showed that there is a canonical continuous section a to the map vr. In particular, every 

"^ divisor class of degree g has a canonical effective representative. (This is in sharp contrast 

"^ to the situation for compact Riemann surfaces, where the analogous map tt does not admit 

i7^ such a section.) One can deduce from the results in |MZ08] that the image of a is the set 

T-H of break divisors in Div^(r). In this paper, we study break divisors in detail and give some 

j> applications. One application is a new combinatorial proof of the existence of the section 

a which does not make use of tropical theta functions. Another is a "geometrization" of 
Kirchhoff's celebrated Matrix- Tree Theorem: we show that for each weighted graph model G 
for r, there is a canonical polyhedral decomposition of the gf-dimensional real torus Pic^(r) 
into parallelotopes Ct, one for each spanning tree T of G; from this point of view Kirchhoff's 
theorem (or rather its matroid dual) becomes the statement that the volume of Pic^(r) is 
the sum of the volumes of the cells in the decomposition. 

In order to define break divisors, it is convenient to fix a model G for F. For each spanning 
tree T of G, let Sj- (resp. S^) be the image of the canonical map Yle^T^ ~^ Div^(F) (resp. 
Yle^T ^° ~^ -Div^(F)) sending (pi, . . . ,pg) to (pi) + - ■ ■ + {pg). (Here e denotes a closed edge and 
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e° denotes the corresponding open edge with the endpoints removed.) We call S := IJ^Ej- 
the set of break divisors on F. It does not depend on the choice of the model G. Our first 
main result is the following theorem: 

Theorem 1.1. Every degree g divisor on T is linearly equivalent to a unique break divisor. 

Since S is compact and a continuous bijection between compact Hausdorff spaces is a 
homeomorphism, the theorem implies that tt induces a homeomorphism from E onto its 
image. The canonical section a is the inverse of this homeomorphism. 



We explain in Section 4.3 how one can deduce Theorem 1.1 in a relatively straightforward 



way from results of Mikhalkin and Zharkov in |MZ08] . In the rest of Section 111 we give 



a completely different proof of Theorem 1.1, which is of independent interest, based on a 



study of orientable divisors. If (9 is a (not necessarily acyclic) orientation of F, we define a 
corresponding divisor Dq of degree g — 1 hj the formula 

Do = Yl (i^deg0(p) - 1) (p). 
per 

We call divisors of this form orientable. We will show by a constructive procedure that every 
divisor of degree g — 1 is linearly equivalent to an orientable divisor. More precisely, fix g G F. 
We say that an orientation is q-connected if there is a directed path from q to p for every 
p G F. A divisor of the form Do, with O a g-connected orientation, is called q-orientable. 
We will prove: 

Theorem 1.2. Fix g G F. Every divisor of degree g — 1 on T is linearly equivalent to a 
unique q-orientable divisor. 

There is a close connection between break divisors and g-orientable divisors. Indeed, we 
will see that the map sending a degree g divisor D to the degree g — 1 divisor D — (g) 
induces a bijection between break divisors and g-orientable divisors. Using this observation. 



one deduces in a completely formal way that Theorem 1.1 and Theorem 1.2 are in fact 
equivalent. 



One advantage of our approach to Theorems 1 1 . 1 1 and 1.2 is that it enables us to prove an 



integral version of Theorem |l.l| for finite unweighted graphs G (or equivalently, finite weighted 
graphs in which all edges have length 1). Indeed, the constructive procedure furnished by 
our proof of Theorem |1.2| shows that every degree g divisor supported on the vertices of G is 



linearly equivalent to a unique break divisor supported on the vertices of G; see Theorem 4.25 



It is not clear how one could deduce such a result from the alternate proof of Theorem 1.1 



given in Section 4.3 



We now turn to a more detailed discussion of the connection between break divisors, 
polyhedral decompositions of Pic^(F), and Kirchhoff's Matrix- Tree Theorem. Let G be a 
weighted graph with associated metric graph F. Recall that S := IJ^ Sy, where the union is 
over all spanning trees T of G. If we define Ct = niJ^T), then clearly Pic^(F) = [Jj^Ct by 



Theorem 1.1 It turns out that each cell Ct is a parallelotope and that if T 7^ T' then the 
relative interiors of Ct and Ct' are disjoint. Thus Pic^(F) has a polyhedral decomposition 
depending only on the choice of the model G. It is not hard to check that if G' is a refinement 
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of G, then the cell decomposition coming from G' is a refinement of the cell decomposition 
coming from G. 

Example 1.3. Let V be the metric graph consisting of two vertices joined by three edges of 
lengths 2, 1, and 2, respectively. Fix a model G for F in which all edge lengths have length 1. 
In Figure [T] we have listed all spanning trees of G and the corresponding cell decomposition 
of Pic^(F). We have labeled the center of each cell with its corresponding break divisor. 




^ ^ ^ </ . ^ f 




Figure 1. A fixed model for the metric graph F and the corresponding de- 
composition of Pic^(F). 
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Since the canonical map from E = |J S^- to Pic^(r) is a homeomorphism and Ct is the 
projection to Pic^(r) of the cube Sj', it follows easily that if T,T' are spanning trees of G 
then the dimension of CtHCt' C Pic^(r) is equal to the dimension of EtHSt' inside Hee-B^- 
In particular, Ct H Ct' is non-empty if and only if He^r ^ ^ Ile^T' ^ i^ non-empty. 

Moreover, recall from |MZ08] that Pic^(r) is canonically a principal homogeneous space for 
the Picard group Pic°(r) and that there is a canonical isomorphism (the "tropical Abel-Jacobi 
map") between Pic°(r) and Jac(r) = Hi{T, W)/Hi{T, Z), which is a real torus of dimension g. 
The intersection form on ifi(r,Z) gives rise to a canonical translation-invariant Riemannian 
metric on Jac(r), and via translation-invariance Pic^(r) is equipped with a canonical metric 
as well. In particular, the volume of Pic^(r) and of each of the cells Ct is well-defined. 

Theorem 1.4. For each spanning tree T ofG, the volume of the parallelotope Ct is vin^wnT' 
where w{T) := rie^^Bm ^(^) ^-^ ^^^ product of the lengths all edges of G not in T. Moreover, 
the volume of Jac(r) is ^J (\.ei{<t.€.^) where <L is any matrix whose rows form a Z-basis for 
H^{G,Z). 

Since distinct cells Ct intersect in positive codimension, we have Vol(Jac(r)) = J2t VoI(Ct) 



and thus Theorem 1.4 implies the following dual version of Kirchhoff's Matrix-Tree Theorem: 
Corollary 1.5. For any weighted graph G, 



T 

The usual version of Kirchhoff's Matrix- Tree Theorem is (a special case of) the dual state- 
ment that for any weighted graph G, we have 

det(®®*) = ^w\T) 

T 

where w'{T) := YleeEm ^(^) ^^ ^^^ product of the lengths all edges of G in T and !B is any 
matrix whose rows form a Z-basis for the cocycle lattice of G (which is the intersection of 
Ci(G,Z) with the orthogonal complement of Hi{G,R) in Ci(G,M)). 

Note that the dual version of Kirchhoff's theorem, like the cycle lattice Hi{G,Z), is un- 
changed if we replace G by a different model G' for the same metric graph P. This is not 
true of the usual version of Kirchhoff's theorem, or of the cocycle lattice. 

2. Definitions and background 

2.1. Metric graphs. 

Definition. A metric graph (or abstract tropical curve) P is a compact connected metric 
space such that every point p G P has a neighborhood isometric to a star-shaped set. 

For the purposes of this paper, we define a weighted graph to be a finite, connected graph 
G with no loop edges, together with a collection of positive weights Lg (which we also call 
lengths), one for each edge. 

A weighted graph G gives rise to a metric space P in the following way. To each edge e, 
associate a line segment of length Lg, and identify the ends of distinct line segments if they 
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correspond to the same vertex of G. The points of these hne segments are the points of F. 
We call G a model for F. The distance between two points x and ?/ in F is defined to be the 
length of the shortest path between them. 

It is easy to check that every metric graph arises from this construction, though the 
weighted graph model is not unique. Write G ~ G' if the two weighted graphs G, G' admit a 
common refinement, where we refine a weighted graph by subdividing its edges in a manner 
that preserves the total length. This yields an equivalence relation on the collection of 
weighted graphs, and two weighted graphs are equivalent if and only if their associated 
metric graphs are isometric. There is thus a bijective correspondence between metric graphs 
and equivalence classes of weighted graphs. 

2.2. Divisors, reduced divisors, and Dhar's algorithm. Let Div(F) (the group of divi- 
sors on F) be the free abelian group on F. An element of Div(F) is of the form D = Ylper ^pip) 
where ap & Z and all but finitely many of Op's are zero. The degree of D is by definition 
deg{D) = ^pgpCtp- Let Div°(F) be the subgroup of divisors of degree zero on F. A divisor 
D = ^ap(p) is called effective if Op > for all p, and is called effective outside g if a^ > 
for all p ^ q. The support of D is by definition Supp(-D) = {j9 G F | D{p) ^ 0}. 

Let -R(F) be the group consisting of continuous piecewise affine functions with integer 
slopes. This can be viewed as the space of tropical rational functions on F, cf. |GK08|[MZ08] . 
Let A be the Laplacian operator on F; for / G -R(F) we have 

A(/) = $^ap(/)(p) 
per 

where —Upif) is the sum of the slopes of / in all tangent directions emanating from p. Let 
Prin(F) be the subgroup {A(/) | / G -R(F)} of Div°(F) consisting of principal divisors. We 
write D r^ D' ii D — D' belongs to Prin(F) and say that D and D' are linearly equivalent. For 
D G Div(F), we define the complete linear system \D\ to be the set of all effective divisors 
E equivalent to D, i.e., \D\ = {E G Div(F) \ E > 0,E r^ D}. Similarly, we define \D\g to be 
the set of divisors equivalent to D which are effective outside q: 

\D\q = {EeDiY{T)\E{p) >0,yp^q,Er^ D} . 

Definition. Fix g G F. A divisor D on F is called q-reduced if it satisfies the following two 
conditions: 

(Rl) D is effective outside q. 

(R2) For every closed connected set X C F not containing q, there exists a point p G dX 
such that D{p) < outdegj(^(p). 

Remark 2.1. It can be shown that (R2) can be replaced with the following: 
(R2') If / G -R(F) is non-constant and has a global maximum at q, then 

D + A{f)^\D\,. 

The following is the metric graph analogue of |BS13l Lemma 4.11]. 

Lemma 2.2 (Principle of least action). If D is q-reduced and f G -R(F) is a tropical rational 
function with D + A(/) G \D\g, then f has a global minimum at q. 
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Proof. Consider the set of points where / achieves its (global) minimum value. If this set is 



not {q} then we may find a closed connected component X not containing q. By Definition 2.2 
there exists p G dX such that D{p) < outdegj!(^(p). On the other hand, we have A(/)(p) < 
— outdegx(p), and thus {D + A(/))(p) < 0, contradicting the assumption that D + A(/) G 

\D\,. D 

The importance of reduced divisors is given by the following theorem (see, e.g., |HKN07l 
ILuollj ). 

Theorem 2.3. Fix q E T. There is a unique q-reduced divisor in each linear equivalence 
class of divisors on V . 

2.3. Dhar's algorithm for metric graphs. For a formal statement of Dhar's algorithm 
for metric graphs and a proof of correctness, see |Luolll Algorithm 2.5 and Lemma 2.6]. The 
idea behind Dhar's algorithm for metric graphs is the same as for non-metric graphs (see, 
e.g., JBS131 Algorithm 1]). 

Let r be a metric graph, fix a point f/ G F, and let D be a divisor on F which is effective 
outside q. Think of the metric graph F as being made of a flammable material. At every 
point p G F with p ^ q, there are D{p) firefighters, each of whom can control fires in a single 
direction leading into p. A fire starts at q and proceeds along each direction emanating from 
g; whenever there are fires approaching p in more than D{p) directions, the fire burns through 
p and proceeds to burn in all directions emanating from p. (In particular, if e is a segment 
in F consisting entirely of points p with D{p) = 0, then a fire starting at one endpoint of e 
will burn through e unobstructed.) 

Theorem 2.4. The divisor D is q-reduced if and only if the fire eventually burns through all 
ofV. 

Note that the "burned domain" is by definition an open subset of F, and can be all but a 
finite set of points. 

2.4. Tropical Picard group, Jacobian, and Abel-Jacobi map. The (degree 0) Picard 
group of F is by definition the quotient 

Pic°(F) :=Div°(F)/Prin(F) . 
More generally, for rf > 0, let Div (F) be the subset of divisors of degree d onV and define 

Pic"'(F) :=Div'^(F)/Prin(F) . 

The set Pic (F) is canonically a Pic°(F)-torsor. 

The tropical Abel-Jacobi theory identifies (as topological groups) Pic°(F) with the Jaco- 
bian torus 

Jac(F) =fi*(F)/i7i(F,Z) . 

Here f^(F) denotes the space of harmonic 1-forms on F. A harmonic 1-form on F is obtained 
by assigning a real- valued slope to each edge in F in such a way that the sum of the incoming 
slopes is zero at every vertex. The homology group i7i(F,Z) embeds as a lattice in f2*(F) 
(the dual vector space of f^(F)) by integration of 1-forms along 1-cycles. There is a canonical 
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identification of ^{T) witli tlie singular cofiomology space if^(r,]R), and of if^(r,]R)* witfi 
i/i(r,]R), so we will often write 

Jac(r) = Hi{T,R)/Hi{T,Z) . 

The vector space ifi(r,M) is equipped with a natural translation-invariant Riemannian 
metric which induces a canonical metric, and in particular a canonical volume form, on the 
quotient torus Jac(r). 

For each positive integer d, the corresponding Abel-Jacobi map 

s^'^'^ : Div^(r) -^ Pic<^(r) 

sends a divisor D G Div_,_(r) to the divisor class [D] E Pic (F). 

We will denote S^^^ by n. 

Fixing a basepoint g G F, the torus Pic'^(F) is identified with the group Pic°(F) and S'^'^^ 
is identified with the map 

^J*^) : Div^(F) ^ Pic°(F) 

taking a divisor D E Div_|_(F) to the divisor class [D — d{q)] E Pic°(F). 

All maps S^^' are piecewise linear in the appropriate sense; fixing the basepoint q, the real 
vectors space f2*(F) is identified with the universal cover of Pic (F), and the restriction of 
the Abel-Jacobi map to any contractible subset factors through a piecewise-linear map to 
i7*(F). Note that Div_,_(F) is endowed with a natural integral afiine structure induced from 
F (see, e.g., [AmilOl Section 2.1]). 

3. Spanning trees and divisors 

3.1. Break divisors, break pairs, fundamental domains, and orientations. Recall 

from Section [I] that a break divisor on F is a divisor of the form (pi) + ■ ■ ■ + (pg) where pi E Cj 
and T\T = Qf^^ Cj for some spanning tree T of G. (Here G is any fixed model of F). See 
Figure [2] 

Here is another way to characterize break divisors, following |MZ08j . A tangent direction 
?7 at a point p G F is an equivalence class of paths emanating from p, where two paths are 
equivalent if they share a common initial segment. If p is a vertex of some model G for F, 
there is a natural bijection between tangent directions at p and edges of G incident to p. 
For e > sufficiently small, there is a well-defined point p + er] at distance e from p in the 
direction rj. Let pi, . . . ,pg be (not necessarily distinct) points on F and for each i let rji be a 
tangent direction at pi. If F\{gi, . . . , qg} is a tree (i.e., is connected and simply connected) 
for e > sufficiently small, where qi = Pi + erji, we call the collection {(pi, rji), . . . , {pg, rjg)} 
a break set for F. See Figure [3] 

Lemma 3.1. // {{pi,f]i), • • • , {Pg, rjg)} is a break set then (pi) + ■ ■ ■ + (pg) is a break divisor. 
Conversely, if (pi) + ■ • • + (pg) is a break divisor then there exist (not necessarily unique) 
tangent directions rji at pi such that {(pi, ?7i), . . . , (p^, rjg)} is a break set. 

Proof. Let {{pi^rji), . . . ,{pg,rjg)} be a break set and let e > be small enough so that 
F\{gi, . . . , qg}, where qi = Pi + erji, is a tree and all g^'s have valence 2. Fix a model G for 
F such that Pi E V{G) and q^ ^ V{G) for all i. It follows that F\{gi, . . . ,qg} contains a 
spanning tree T of G, and Pi E e^ where T\T = |Jf=i ^t- 
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Conversely, assume G is a model of F and, for some spanning tree T of G, we have 
r\T = |Ji'=i 6j and we are give a break divisor (pi) + ■ ■ ■ + (Pg) where Pi G Cj. If Pi G Cj we 
may choose rji to be either of the two tangent directions at pi. If pi G dci = ei\ei then we 
choose the tangent direction directed towards Cj. D 

Because of the lemma, we will sometimes denote a break set by {D^rf) where D = (pi) + 
■ ■ ■ + {pg) is a break divisor and 1] = {rji} is the corresponding set of break directions. 

Remark 3.2. If we think of a metric graph as made of wires, one can think of a break set as a 
rule for snipping the wires so that the resulting network is connected and simply connected. 
More formally, define a fundamental domain for F to be a pair {F, ip) consisting of a (not 
necessarily compact) connected and simply connected topological space F and a continuous 
bijection ■?/' : F — )■ F. We identify two fundamental domains {F,il)) and {F',il>') if there is a 
homeomorphism (p : F -^ F' such that ip = tp' o (p. Then one can show that there is a natural 
bijection between fundamental domains for F and break sets. See Figure |4j 

An orientation O oi a metric graph F is an equivalence class of pairs {G, O) where G is 
a model for F and O is an orientation of the edges of G, where the equivalence relation is 
generated by the operation of replacing G by a refinement G' and letting O' be the orientation 
induced by O. 

For g G F, we say that an orientation O is q-connected if there is a directed path from q 
to p for every p G F. 

Given g G F, there is a canonical way to associate a g-connected orientation O to any break 
set {(pi, ?7i), . . . , {pg, rjg)}, as follows. Choose e > small enough so that, setting g^ = pi + erji, 
we have (i) F\{gi, . . . ,qg} is a tree, (ii) all qPs have valence 2, and (iii) q^ qi for any i. We 
get an associated g-connected orientation O^ by orienting all edges away from g in this tree, 
and letting e — )■ gives the desired g-connected orientation O. (In terms of the corresponding 



fundamental domain {F^ijj) described in Remark 3.2, O corresponds to orienting all paths 
away from ip~^{q) in the connected and simply connected space F.) 

Conversely, there is a canonical way to associate a break divisor Di^Qq^ to a g-connected 
orientation O: 

Dio,g) ■■= (q) + Do = iq) + Y, (indego(p) - 1) (p). 

per 

Lemma 3.3. Fix g G F. The map (pg : Div^(F) — )■ Div^^^(F) sending D to D — (g) induces 
a bijection between break divisors and q-orientable divisors. 

Proof. Let D = (pi) + ■ ■ ■ + {pg) be a break divisor and consider an associated break set 



{(pi,?7i), . . . , {pg,rig)} as in Lemma 3.1 Let O be the associated g-connected orientation as 
above. 

Let p G F. li p ^ q then indeg(^{p) = 1 + s{p), where s{p) is the number of tangent 
directions r]i with pi = p, and ii p = q then mdeg^lp) = s{p). Thus for every p G F, the 
coefficient of (p) in Dq + (g) is equal to s{p), which is equal to D{p) by construction. This 
proves that (pg induces a map from break divisors to g-orientable divisors. 

The map cpg is clearly injective. To see that it is surjective, suppose Do is a g-orientable 
divisor corresponding to a g-connected orientation O. We will equip the effective divisor 
Do + (q) with a set of tangent directions rj so that {Dq + {q),v) is a break set. By breaking 
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Figure 2. Examples of break divisors. 



,,,, P3 




Figure 3. Examples of break sets. 




Figure 4. Examples of fundamental domains. 

an edge e adjacent to p, we will mean adding the tangent direction at p which corresponds to 
the edge e to the set rj. If indeg0(g) > 1, break all the incoming edges at q. For each p ^ q 
with indego(p) > 2, break all but one of the incoming edges at p. (The unbroken edge can 
be chosen arbitrarily.) Then one easily checks that \ri\ = g and {Dq + {q),v) is a break set. 

D 



Note that the set of break directions is not uniquely determined by O, so we do not get a 
bijection between g-connected orientations and break sets (see Figure [sj. 



As a formal consequence of Lemma 3.3, we have: 
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Figure 5. Two different break sets, their associated fundamental domains, 
and tlieir identical associated g-connected orientation. 



Corollary 3.4. Theorems 1.1 and L2 are equivalent 

3.2. The canonical cell decomposition of Pic^(r). Let G be a model for V. Given any- 
spanning tree T of G we let S!^ C S be the product of the interior of all edges of F not in T: 

St = n ^° 

e^E{T) 

An element of S^ determines the spanning tree T of G uniquely. Therefore for distinct 
spanning trees T and T' of G we have S^ fl S^, = 0. Since {e°}e(^E(T) consists of mutually 
disjoint segments, no two element of S^ are identified under the action of the symmetric 
group and we may consider S^ as an (open) paralleletope inside Div^(F) = F^^^ 

We let ZI° C Div^(F) be the (disjoint) union of the sets S^ for all spanning trees T of G. 
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Note that S°, unlike S, depends on the choice of the model G. 
Divisors in Zl° have the following useful property: 
Lemma 3.5. For any D eT,° we have \D\ = {D}. 



Proof. The proof is an application of least action principle (Lemma 2.2). Let D G S^ for 



some spanning tree T of the model G. Pick p,q eT. Then D is both p-reduced and g-reduced 



by Dhar's algorithm (§ 2.3). li E = D + A(/) G \D\ then by the least action principle we 



get f{p) < f{q) and f{q) < f{p). Thus / is constant and E = D. D 

Recall that the map vr : Div^(r) — )■ Pic^(r) is piecewise linear. It follows that the open 



cell Cy := vr(S^) is also an (open) paralleletope inside the torus Pic^(r). By Lemma 3.5, the 
restriction of tt to each S^ is injective with image C^. Moreover for distinct spanning trees 
T and T' of G we have C^ fl C^, = because S^ fl S^, = 0. It follows that the restriction of 
the map vr to S° C Div^(r) is injective. 

Let C° C Pic^(r) be the (disjoint) union of the sets C^ for all spanning trees T of G. Let 
C := C° = [jrpCT and Ct '■= C^ denote the topological closures of C° and Cy, respectively, 
inside Pic^(r). By Theorem [lT] (stated in Section [I] and proved in Section |4] below), we have 
C = Pic^(r). Since E = |J Sy and Pic^(r) are compact Hausdorff spaces, it also follows from 
Theorem 1 1 . 1 1 that the canonical map from E to Pic^(r) is a homeomorphism. 

4. Orientations and divisors 

4.1. Finite graphs. Assume G is a finite, connected multigraph. As usual we denote the 
set of vertices by V{G) and the set of edges by E{G). In what follows 5* will always denote 
a non-empty subset of V{G). We denote by G[S] the induced subgraph of G with vertex 
set 5*. Let xi.^) denote the topological Euler characteristic of G[S], which is equal to the 
number of vertices of G[S] minus the number of edges of G[S]. (If G[S] is connected then 
x{.S) = 1 — g{S) where g{S) is the genus, or first Betti number, of ^[5].) 

Given a divisor D G Div(G) we define 

x{G,S,D) = <leg{D\s)+x{S), 

where D\s denotes the restriction of D to G[S], i.e., ii D = X]pey(G) '^p(p) then D\s = 

Spe5 ^pip)- When G is clear from the context, we may simply write x{S, D) for xiG, S, D). 

To an ordered pair of disjoint subsets (5*1, S2) of V{G) we assign a divisor 

D{S,, S2) = 5^ |{w; G 52 : {v,w} G EiG)}\iv) . 

v£Si 

We define 

d{S,,S2) = deg{D{S^,S2)) 
which is the number of edges of G with one end in Si and the other end in 5*2. Although in 
general D{Si, S2) 7^ D{S2, Si) we always have d{Si, S2) = d{S2, Si). 

Lemma 4.1. Let D G Div(G) be an arbitrary divisor. For any pair of non-empty subsets 
Si, S2 C V{G) with SiH S2 = we have 

(4.2) xiSi U S2, D) = xiSi, D) + xiS2, D) - diSi, S2) . 
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Proof. Since 5*1 fl 5*2 = we have D\s-^uS2 = ^Isi + Dls^ and 

deg{D\s,us,) = deg(D|sJ + degiD\s,) . 
The result follows from the straightforward identity x{SiUS2) = x{Si)+x{S2) — d{Si, 82)- □ 

For a given divisor D G Div(G') we define 

xg = min{x(G,5,D): ^ 5 C V(G)} , 

S(G, D) = {fD^SC ViG) : x{G, S, D) = x%} • 
When G is clear from the context, we may simply write xd and S{D) instead. 

Lemma 4.3. Let D G Div(G') be a divisor. For S'i,S'2 G S{D) such that Si (1 S2 ^ 0, we 
have: 

(1) SinS2eSiD). 

(2) If Si US2^ V{G) then ^1 U ^2 G S(D). 

Proof. Let A = 6*1 fl 5*2, -Bi = 5'i\S'2, and B2 = S2\Si. Since ^i G S(-D) we have x{Si, D) < 



^(A, D). Since 5*1 = A U i?i, Lemma 4.1 tells us that 

X(A D) + x(5i, /^) - d{A, Bi) < x{A, D) 

or 

x{Bi,D)<d{A,Bi). 



Again by Lemma 4.1, we have 



x{SiU S2.D) = x{AU BiU B2,D) 

= x{A U 52, D) + x(5i, /}) - rf(A U 52, 5i) 

= x(^ U 52, D) + x(5i, /^) - d{A, Bi) - d{B2, Bi) 

<xiAUB2,D)-diB2,Bi) 

<xiAUB2,D) 

= X{S2,D). 

Since x(S'2, D) = xd is minimal, all of these inequalities must in fact be equalities. Therefore 
Si U ^2 e S{D). We also must have x{Bi, D) = d{A, Bi) and therefore x(Si, D) = x{A, D), 
which means that Si fl 5*2 G S(-D). 

D 

Corollary 4.4. Let D G Div(G') be a divisor such that xd < 0. Then S{D) has a unique 
minimal element (with respect to inclusion) . 

Proof. Let Si and S2 be arbitrary elements of S{D). We claim that Si H S2 j^ 0. Indeed, 



if 5*1 n ^2 = then it follows from Lemma 4.1 that x{Si U 5*2, D) = ^(Si, D) + x{S2, D) 



d{Si, S2) < x{Si, -D), contradicting the assumption that x('S'i, D) = xd is minimal. It follows 



from Lemma 4.3 that 5*1 fl 5*2 G S{D). Thus S{D) has a unique minimal element, namely 



the intersection of all elements in the set. D 
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Recall from Section [T] that a divisor D E Div(G) is called orientable if there exists an 
orientation O on G such that at every point p G V{G) we have D{p) = mdegQ{p) — 1. It is 
easy to see that if D is orientable then deg{D) = g — 1, which is equivalent to saying that 
x{G,D) := x{V{G),D) is equal to 0. The following result strengthens this observation. 

Theorem 4.5. A divisor D G Div(G') is orientable if and only if the following two conditions 
hold: 

(i) x{G,D)=0 . 
(ii) Xd > 0. 

Proof. We will prove the result without assuming that G is necessarily connected; this added 
flexibility makes the inductive argument easier. 

One direction is easy: assume D G Div(G') is orientable and consider a non-empty subset 
S C V{G). If all edges connecting G[S] to the rest of G are directed away from G[S] then 
deg{D\s) = \E{G[S])\ — 15*1 = —x{S) and x{S,D) = 0. If there exists some edge directed 
towards G[S] then deg{D\s) > -x{S) and x{S,D) > 0. 

Now assume that (i) and (ii) hold. We construct, by induction on n := |l^(G)|, an orien- 
tation of G associated to the divisor D. The case n = 1 is trivial, so we assume that n > 2 
and that the assertion is correct for graphs with fewer than n vertices. 

There are two cases to consider: 

Case 1. Xd = 0. 

Let 5*0 be such that x('S'o, -D) = and let Sq := V{G)\Sq. We claim that both Di := D\sq G 
Div(G'[S'o]) and D2 := D\so ~ -D(5'o,S'o) G Div(G'[S'o]) satisfy the induction hypothesis. The 
first part of the claim is obvious as x{So,D) = and any subset of Sq is also a subset of 



V{G). For the second part of the claim, let B C Sq. Then B U Sq C V{G), and by (4.2) we 

X{B U So, D) = x{B, D) + x(5o, D) - d{B, So) 
= x{B,D)-d{B,So) 
= X{B,D2) . 

Therefore x{So, D2) = and x{B, D2) > for i? C Sq. By the induction hypothesis we 
obtain an orientation Oi on G[So\ for Di and an orientation O2 on G[So\ for D2- The desired 
orientation (9 on G is obtained by combining Oi and O2 and orienting all remaining edges 
from 5*0 toward So- 

Case 2. xd > 0. 

Let So be such that x{So,D) = xd- First note that x{So,D) < d{So,So), because 
xiSo,D) > d{So,So) would imply that xiG,D) = xiSo U So,D) = xiSo, D) + xiSo, D) - 
d{So, So) > 0, contradicting x(G, D) = 0. 

Pick an arbitrary set F C E{G) of xd edges connecting 5*0 to So and let 



Df= Y. H-H 



lt^SQ,We.SQ 
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We claim that D + Dp also satisfies the hypotheses (i) and (ii) and, moreover, xi^o, D + 
Dp) = 0. The only nontrivial part is to check that x{S, D + Dp) > for all 7^ S' C V{G). 
But for any such S we have 

X(5, D + Dp)> x(5, D)-XD> x(5o, D)-XD = Q. 

Hence we can use the method described in Case 1 above to obtain an orientation Op of G 
corresponding to Z) + Dp. The desired orientation O oi G corresponding to D is obtained 
from Op by reversing the orientation of all edges in F. D 

Remark 4.6. By definition, xd > if and only if x(S', -D) > for all non-empty subsets S of 



V{G). It follows from Lemma 4.1 that one only needs to check the condition x('S', -D) > for 



subsets S whose induced subgraph is connected: if the condition is satisfied for all connected 



components of a set, it is automatically satisfied for the whole set by (4.2) 



Theorem 4.7. Any divisor D E Div^ ^(G) is linearly equivalent to some orientable divisor. 



Proof. If Dq = D is not orientable then Theorem 4.5 guarantees that there exists a subset 
7^ 5* C V{G) with xi^j D) < 0. It follows from Corollary 4.4 that there is a unique minimal 
element (with respect to inclusion) in S{Dq) = {0 7^ 5 C V{G) : x{S,Do) is minimal}. In 
other words, there is a unique non-empty set 5*0 C V{G) such that xiSo, Dq) is minimal and 
which is contained in any other vertex set S with this property. 

Let Di be the divisor obtained from Dq by firing S'o, i.e., 

Di:=Do-D{So,So) + D{So,So) • 

Claim. For all 7^ 5 C V{G) we have x{S,Di) > x(S'o,-Do)- Moreover, if equality holds 
then S ^ So- 

To prove this claim we consider the following cases: 

(1) S c ^0. 

In this case, x{S, Dq) > xi^o, Dq) (by the minimality of S'o) and x{S, -Di) > 
x{S, Dq) (by the construction of Di). 

(2) S = So. 

In this case, it follows from definitions that x(S', Di) = x{.Sq,Dq) + (i( S'o, S'o) > 

x(So,L'o)- 

(3) S C So. 



In this case, it follows from definitions and (4.2) that 

X(5, Di) = x(S, Do) - d{S, So) = x{S U So, Do) - x(^o, ^o) . 

Therefore x{S,Di) > > x{Sq,Dq). 

(4) 5 n So 7^ and S n So ^ 0. 

Let A = S n So and 5 = S n So. Then 

X{B, D,) = xiB, Do) - d{B, So) = x{B U S'o, D^) - x(5o, ^o) > 
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and we have 

x{S,D^) = x{AUB,D,) 

= x{A,Dr) + xiB,Dr)-d{A,B) 

>x{A,D,)-d{A,B) 

= xiADo) + diSo,A)-diA,B) 

>x{A,Do) 

>x{So,Do). 

By the minimahty of 5*0, equahty can happen only ii A = So, in which case 5" = 
5o U 5 2 ^0- 

Let 5*1 be the minimal element in S{Di). It follows that either (i) x{Si,Di) > x{So,Dq) 
or (ii) xl^*!,!^!) = x{So,Dq) and 5*0 C Si. If we repeat this procedure we are therefore 
guaranteed to stop, at which point we will have an orientable divisor. 

D 

There can be many different orientations associated to a given orientable divisor. Also, 
in each equivalence class of divisors of degree g — 1 there can be many different orientable 
divisors. Our next goal is to show that one can obtain a uniqueness result by fixing a vertex 

Recall from Section [l] that an orientation of G is called q-connected if there exists an 
oriented path from q to each vertex p of G. Also, a divisor D e Div(G) is called q-orientable 
if there exists a g-connected orientation O on G such that at every point p e V{G) we have 
D{p) = indegc)(p) - 1. 

Proposition 4.8. An orientable divisor D G Div(G) is q-orientable if and only ifx{S, D) > 
for all non-empty subsets S C V{G)\{q}. 



Proof. If D is g-orientable, it is in particular orientable and it follows from Theorem |4.5 
that x{S,D) > for all ^ ^ S C V{G)\{q}. If x{S,D) = for some subset S then all 
edges connecting 5* to S* will be directed away from S in any associated orientation, and the 
orientation will not be g-connected. 

Now suppose that D is an orientable divisor and that x(5', D) > for all 7^ 5 C 
V{G)\{q}. We need to show that for any orientation associated to D there is a directed 
path from q to any other vertex. Let p = pi he an arbitrary vertex in V{G)\{q}. Since 
x({pi},-D) > there exists an edge oriented towards pi. Let p2 be the other end of this 
oriented edge, li p2 = q we have found a directed path from q to p. Otherwise {pi,p2} ^ 
V{G)\{q} and we have x{{PijP2},D) > 0. Continuing this procedure will yield a directed 
path from q to p. D 

Fix a vertex q and D G Div(G') we define 

S,(G, D) = {^^SC ViG)\{q} : xiS, D) = Xd} • 
We write Sq{D) for Sg{G, D), if G is clear from the context as usual. 
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Lemma 4.9. Fix a vertex q and let E e Div(G) be an orientable divisor, but not q-orientable. 
If Si, S2 G Sg{E), then 6*1 U 5*2 G Sq{E). In particular, Sg{E) has a unique maximal element 
(with respect to inclusion). 



Proof. It follows from Theorem 4.5 and Proposition 4.8 that x{Si, E) = 0{i = 1,2). If 



S-if] S2 = 0, it follows from Lemma 4.1 that < x{Si U ^2,^) = x{SuE) + x{S2,E) 



d{Si, S2) = —d{Si, S2) < 0, and therefore S'l U ^2 G Sg{E). Now assume ^i fl ^2 7^ 0. In this 



case, by Lemma 4.3 we again have SiU S2 & Sg{E). The unique maximal element of Sg{E) 
is therefore the union of all its elements. D 

Theorem 4.10. Fix a vertex q. Every divisor D E Div^^^(G') is equivalent to a unique 
q-orientable divisor. 



Proof. Existence. By Theorem 4.7 we know that D r^ Di for some orientable divisor Di. If 



Di is not already g-orientable, let Si be the unique maximal element of Sg(Z)i), which exists 



by Lemma 49 In any orientation associated to Di all edges connecting Si to its complement 
are directed from Si to Si. Also, it follows from the maximality of Si that there is a directed 
path from q to any vertex p E Si. We now replace Di with 

D2:=Di~D{Si,Si) + D{Si,Si) 

by firing the subset 5*1. This reverses the orientation of edges connecting 5*1 and Si, directing 
them toward 5*1, and leaves all other orientations unchanged. If D2 is not already g-orientable, 
there exists a maximal element 6*2 of 8^(1^2) • Since there is a directed path from q to any 
vertex p e 5*1, it follows that 5*2 is a proper subset Si. We now fire the subset 5*2 and proceed 
as before. This procedure must eventually terminate in a g-orientable divisor. 

Uniqueness. Let Di and D2 be distinct orientable divisors and write Di = D2 + A(/). 
Consider the (non-empty) set X C V{G) where / achieves its (global) minimum value. We 
have 

< x{X, Di) < x{X, D2) - d{X, X) = -x{X, D2)<0. 
It follows that x(X, Di) = x(X,D2) = 0. This means that in any orientation associated 
to Di all edges are directed away from X, and in any orientation associated to D2 all edges 
are towards X. Thus there cannot be a vertex q for which Di and D2 are both g-orientable. 

D 

Remark 4.11. The uniqueness statement in the previous theorem can be strengthened as 
follows. Fix vertices gi and q2, let Di be a gi-orientable divisor, and let D2 be a g2-orientable 
divisor. If Di + (gi) ~ D2 + (92)) then Di + (gi) = D2 + (52)- We omit the proof since we 
will not use this result in the sequel. 



Remark 4.12. It follows from the proofs of Theorem |4.7| and Theorem |4. 10| that we have the 
following algorithm for finding the unique g-orientable divisor equivalent to a given divisor 
D. 

(1) While there exists a subset 7^ 5 C V{G) with x{S, D) < 0, find the unique minimal 
element A of 8(1?) and replace D with D — D{A, A) + D{A, A) (the divisor obtained 
by firing all vertices of A). 

(2) While there exists a subset 7^ 5 C V{G)\{q} with x{S,D) = 0, find the unique 
maximal element B of Sg{D) and replace D with D — D{B, B) + D{B, B) (the divisor 
obtained from firing all vertices of B). 
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Note that one can also obtain the associated orientations by the recipe described in the proof 



of Theorem 4.5 It would be nice to find efficient algorithms for these problems. 



Example 4.13. We illustrate how to find the g-orientable divisor equivalent to a specific 
divisor in Div^(i^4), and how to find the associated g-connected orientation (see Figures 



6 7 8). 



4.2. Metric graphs. 

4.2.1. Models and semi-models. Fix a connected metric graph F and a divisor D G Div(F). 
A m,odel for (F, D) is a (weighted graph) model for F whose vertex set contains the support 
oi D. If a point g G F is also distinguished, we further assume that the vertex set of G 
contains q. 

We call a (weighted graph) model H ioi T a. semi-m,odel for (T,D) if r\V{H) consists of 
a finite union of open intervals U^^j^Cj, and for each i the set Cj fl Supp(Z)) is either empty 
or consists of a single point p with D{p) = 1. In other words, a semi-model is allowed to 
"miss" some points p G Supp(-D) where D{p) = 1 and p is the only point of Supp(D) on the 
corresponding edge. Again, if a point g G F is also distinguished, we further assume that 
q G V{H). 

Given a semi-model H as above, we let Ah = {a; G F | D{x) = 1,x ^ V{H)}. The model 
G whose vertex set is V{H) U Ah will be called the model generated by H. For each x G Ah, 
with X E Ci, we let r(x) denote the two endpoints of the closure of Cj. It follows from the 
definitions that t{x) C V{H). 

It turns out that semi-models are more convenient to work with than models when we 
want to show that certain algorithms for metric graphs terminate. Therefore, to obtain 



results similar to those in Section 4.1 for metric graphs, we first extend some our definitions 
from models to semi-models. Let F be a metric graph with a distinguished point g G F, let 
D G Div(F), and let if be a semi-model for (F, D). 

For S C V{H) we define: 

• x{H, S) : the topological Euler characteristic of H[S] C F, where H[S] is the induced 
subgraph of S* in if . 

• x{H,S,D) = deg{D\His]) + x{H,S), where D\H[g] denotes the restriction of D to 
H[S]. 

• Xd • ^^^ minimum of x{H, S, D) over all 7^ 5 C V{H). 

• S{H, D) : the collection of all nonempty S C V{H) for which x{.H, S, D) = Xd- 



H 



• Sq{H, D) : the collection of all nonempty S C V{H)\{q} for which x{H, S, D) = Xd 

Let H be an arbitrary semi-model for (F, D) and let G be the model generated by H . 
Then D is orientable on F if and only if D is orientable on G. The following two lemmas will 
help us compare the quantities x'd and Xd- 

Lemma 4.14. Let H he an arbitrary semi-model for (F, D) and let G be the model generated 
by H . Suppose S C V{G). Assume x G Ah and r(x) C S. Then 

x{G,S,D) = x{G,SU{x},D) . 
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Figure 6. Finding an orientable divisor equivalent to the original divisor. The 



highlighted graph represents the minimal element of S{D) (see Lemma 4.3) 
whose complement gets fired. 





Figure 7. Finding the orientations of the resulting orientable divisor induc- 



tively (see Theorem 4.5). 




Figure 8. Converting the orientable divisor (respectively, the orientation) 
to a g-orientable divisor (respectively, the g-connected orientation). The high- 



lighted graph represents the maximal element of Sg{D) (see Lemma 4.9) whose 
complement gets fired. 
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Proof, li X E S there is nothing to prove. So we may assume that x ^ S, and therefore 

deg{D\G[su{x}]) = deg{D\G[s]) + 1 • 

Since r(x) C S, G[S U {x}] contains one more vertex and two more edges (in G) than G[S]. 
Thus 

x{G,SU{x}) = xiG,S)-l. 

D 



Lemma 4.15. Let H he an arbitrary semi-model for (F, D) and let G he the model generated 
by H. Let S C V{G) and assume that S' := S r\ V{H) is non-empty. Let A = {x\x E 
Ah,t{x) C S}. If either (i) S C V{H) or (ii) S G S{G,D), then G[S U A] = H[S'] as 
subsets ofT. 

Proof, (i) S C V{H) means that S' = S. For each edge e of H[S], if e is disjoint from A^ 
then e is an edge of both G[S] and G[S U A]. Ii e contains a point x G Ah, then x E A and 
therefore e = |aa;| U{a;}U |a;6| is in G'[S'UA], where t{x) = {a,b} and \ax\ (resp. \xb\) denotes 
the hne segment connecting a and x (resp. x and b). It follows that H[S] C G[S U A]. 

Conversely, for any edge e of GfS* U A], if both endpoints of e belong to S then e is also 
an edge of H[S]. Otherwise, one of the endpoints of e, say x, is in A. Then e C \ab\, where 
t{x) = {a, b} C S. Thus G[S U A] C H[S]. 

(ii) We first note that the assumption S G S{G,D) implies that S fl Ah C A. To see 
this, let a; G S* n Ah and, for the sake of contradiction, assume that t{x) ^ S. Then 
x{G,S\{x},D) < xIg,S,D); moreover, since SnV{H) ^ 0, we have S\{x} ^ 0. This 
contradicts S G S{G,D). 

We next show that S* U A is contained in H[S fl V{H)]. For this, it suffices to show that 
A is contained in H[S D V{H)], because 

s={sn v{H)) u (5 n Ah) c (5 n v{h)) u a . 

For X G A, we know that t{x) = {a,b} C S* fl V{H), and therefore x is contained in an 
edgeoiH[SnV{H)]. 

For an edge e of G'[S' U A], if both endpoints of e belong to V{H) fl S, then e is also an 
edge of H[S n V{H)]. Otherwise one of the endpoints of e, say x, is in A and e C \ab\, where 
t{x) = {a,b}CSn V{H). Thus G[S U A] C H[S n V{H)]. 

Conversely, for an edge e of H[S fl V{H)], if e fl A// = then e is also an edge of G[S U A]. 
Otherwise, e fl A^^ = x G A and e = |aa;| U {x} U |a;6| is in G[S U A], where r(a;) = {a, b}. 
Therefore H[S D V{H)] C G[S U A]. D 

We are now ready to compare Xd with x%- 

Corollary 4.16. Let H be any semi-model for (T,D) and let G be the model generated by 
H. Then: 

(i) Xd>Xd- 
(ii) IfXD<^ (ind deg{D) = g-1, then Xd = Xd- 
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Proof, ( i) Le t S G S{H,D) C V{G). Let A = H[S] n Ah- Then G[S U A] = H[S] by 



Lemma 4.15 ;i). So xiG, S U A, D) = x{H, S, D) = Xd- Since S G S{H, D), we know that 



^S C V{H) = V{G)\Ah. Thus ^^SUA<Z V{G) and therefore Xd > Xd- 

(ii) We only need to show Xd < Xd- Let S e S(G, D). We first show that ^ SnV{H) C 
V{H). Suppose 5 n V{H) = 0. Then S C A^, Gf^] = S, deg{D\G[s]) = |5|, xl^, 5) = \S\, 
and x{G,S,D) = 2\S\ > (since 5" is nonempty). This contradicts x{G,S,D) = Xd ^ ^■ 



Now suppose S f] V{H) = V{H). Then V{H) C S, and therefore r(x) C S. By Lemma 4.14 
we then have x{G, S, D) = x{G, S U Ah, D) = x{G, V{G), D) = (since deg(L>) = g - 1) 
contradicting x{G, S,D) = Xd "^ ^ 



liA = {x\x eAH,T{x) C ^},thenG[5UA] = H[SnV{H)] by Lemma[4l5|;ii). By Lemma 



4.14, xiH,SnV{H),D) = xiG,SUA,D) = x{G,S,D) = x%- Since i^SV\V{E) C V[}i) 



we get Xd < X%- □ 

4.2.2. Orientable divisors, semi-models, and metric graphs. 

Theorem 4.17. A divisor D G Div(r) is orientable if and only if the following two conditions 
hold for every semi-model H for (F, D): 

(i) x{H,V{H),D) = 0. 
(ii) Xg > 0. 

Proof. D is orientable on F if and only if D is orientable on the model G generated by H . 



Moreover x{G, V{G), D) = x{H, V{H), D). By Theorem [45| it suffices to show that Xd > 
if and only if x% ^ 0. 



If Xd ^_0, we get Xd — Xd ^ by Corollary 4.16[ i). Conversely, if Xd — then by 



Corollary 4.16 ii) we have Xd ~ Xd — 0- I— ' 



We now introduce some terminology for "chip-firing" on metric graphs. Let Z(F) be 
the collection of all non-empty proper closed subsets of F which are finite unions of closed 
intervals. Note that for any semi-model H and any subset 5* C V{H), we can naturally 
identify H[S] with an element of Z(F). 

Assume A,B e Z(F) and A n 5 = 0. We call C <ZV\{AU B) a simple cut (connecting A 
to B) if it is a union of open intervals whose closures connect A to B. 

Given B G Z(F) and a divisor D G Div(F), we define the simple cut with respect to B and 
D to be the maximal simple cut G disjoint from B and Supp(i5) which connects B to some 
A C (T\B) in Z(F). 

Let ic denote the length of the shortest interval in G. Firing the simple cut G towards B 
will mean adding the divisor A(/), where / G -R(F), /|^ = 0, and /|_b = ic- The slope of 
/ along each open interval in G is-l-1 as we move away from A, and then once / achieves 
ic and that interval is longer than ic- This has the effect of "sending a chip" from A to B 
along each open interval of G, until at least one chip hits B. 

Theorem 4.18. Any divisor D G Div^~^(F) is linearly equivalent to some orientable divisor. 
Proof. Fix a model G for (r,D). Let Dq = D. We apply the following algorithm: 
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For k >0, while D^ is not orientable, find a minimal elementijS'fc G S{G,Dk), and fire 
the simple cut associated to G[Sk] and D^ towards G[Sk] to obtain -D^+i- 

We will prove that this algorithm terminates in a finite number of steps and yields an 
orientable divisor. For this, we need to establish the following two claims. 

Claim 1. G is a semi-model for (F, Dk) for all k > 0. 

Claim 2. For all k > 0, either 

(i) xg,+i > Xd^; or 
(ii) Xd. = Xd ? ^k+i ^ Sk, and Sk+i\Sk contains at least one element of V{G). 

Since 1^(6*) | is finite and x% ^ ^) it follows from Claim 2 that there can only be finitely 



4.18 



then follows from Theorem 



4.17 



many iterations before we have Xd ^ 0- Theorem 

since the condition x{H, V{H), D) = means that deg{D) = g — 1 

Proof of the Claim 1. The proof is by induction on k. When A; = 0, G is a model, and 
therefore a semi-model for (F,Do)- Assume that G is a semi-model for D„. By definition 
of G, we know that F\\^(G) is a union of open intervals E{G), so it suffices to show that 
each interval in E{G) contains at most one "chip" from -Dn+i- We denote those intervals 
connecting Sn and Sn = V{G)\Sn by E{Sn, Sn)- By the induction hypothesis, each interval 
in E{G) contains at most one chip from Dn and the firing operation only moves chips on 
E{Sn, Sn) towards Sn- Therefore we only need to consider the edges in E{Sn, Sn)- 

For e G E{Sn,Sn), if e contains one chip from Dn, this chip will move toward Sn while 
firing the simple cut towards G[Sn] to get -D„+i. If it hits S'„ at the end of firing operation, 
then e contains no chips from Dn+i, otherwise it contains one chip. On the other hand, if 
e contains no chips from Dn, then one chip from the endpoint of e in Sn is moving along e 
towards Sn- So e will again contain no chips or one chip from Dn+i, depending on when the 
firing operation stops. This proves Claim 1. 

Let U (^ Sn, E C Sn- Before proving Claim 2 we make the following observations: 
(*) If there are t edges in G connecting Sn and E and disjoint from Supp(D„+i), then 

x{G,E,Dn+i) = x{G,E,Dn)+t. 

(**) If there are t' edges in G connecting U and Sn and disjoint from Supp(Dn), then 

x{G,U,Dn+i) = x{G,U,Dn)~t' . 

In fact, t is precisely the number of chips that arrive at E, and t' is precisely the number 
of chips that leave U, when obtaining -Dn+i from Dn- 

Proof of the Claim 2. We need to show that x(G, 5, D^+i) > x{G, Sk,Dk) = Xd. ^^^ every 
^ 7^ S C. V{G), where 5"^ is a minimal element in S(G, Di^). There are four cases we need to 



consider (similar to the proof of Theorem 4.7): 



For a semi- model G (see Claim 1), it is no longer true that S{G, D) has a unique minimal element (with 
respect to inclusion). The existence of some minimal element is trivial as soon as the set is non-empty, and 
any minimal element suffices for our arguments. 
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(1) S c Sk. 

In this case, xiG, S, Dk+i) > x{G, S, Dk) > x{G, Sk, D^) = x% (by the minimahty 
of Sk). 

(2) S = Sk. 

By the definition of -Dfc+i, we know that -Dfe+i has at least one chip more than Dk 
on G[Sk]. Thus, xiG,S,Dk+i) > xiG,Sk,Dk) = Xd,,- 

(3) S C Sk. 

Let y denote the number of edges in E{Sk,S) which are disjoint from Supp(Dfc)- 
We have: 

X{G, S U Sk, Dk) = x{G, S, Dk) + x{G, Sk, Dk) - y 
and therefore (by (*)) 

(4.19) x{G, S, Dk+i) = x{G, S, Dk) - y = x{G, S U Sk, Dk) - x{G, Sk, Dk)>0> x% 

(by the minimahty of 5*^)- 

(4) 5 n 5fc ^ and 5 n Sfe ^ 0. 

Suppose S'nS'jt = f/ and S^Sk = F . Let Y be the collection of y edges in E{F, Sk) 
that are disjoint from Supp(Z)fc+i). Let X = Y n E{F,U), i.e., X is the collection 



of X intervals in Y connecting F to U. Since U C Sk, we know from (4.19) that 
x{G,U,Dk+i) > 0. We have: 

x{G,S,Dk+i) = x{G,UUF,Dk+i) 

= x{G, U, Dk+i) + x{G, F, Dk+i) - X 
>x{G,F,Dk+i)-x 
(4.20) =xiG,F,Dk)+y-x (by (**)) 

>x{G,F,Dk) 
> x{G, Sk, Dk) (by the minimality of Sk) 

Thus x{G, Sk+i, Dk+i) > Xd .^ where 5*^+1 is a minimal element in S{G, Dk+i). 



Equality can only occur in Case (4). In that case, all the inequalities in (4.20) must be 
equalities. In particular, F = Sk (by the minimality of Sk) and x = y. Since X C F, we 
have X = Y and therefore Y C E{F, U). Thus U contains one endpoint of each edge in Y. 
By the description of the firing operation used to get -Dfc+i from Dk, we must have \Y\ > 0. 
Since S = F U U, F and U are disjoint, F = Sk, and \U\ > 0, we conclude that any such S 
(including Sk+i) must contain at least one new element of V{G). D 

Proposition 4.21. An orientable divisor D on T is q-orientable if and only if for every 
semi-model H for (T, D) we have x{H, S,D) > for all S C V{H)\{q}. 

Proof. Let G be the model generated by H. By definition, D is g-orientable on F if and only 



if it is g-orientable on G. By Proposition 4.8, we only need to show that x{H, Si,D) = for 



some Si C V{H)\{q} if and only if x{G, S2, D) = for some S2 C V{G)\{q}. 
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Assume that x{H, S,D) = for some 7^ 5 C V{H)\{q}. Let Ai = H[S]nAH. We know 
from Lemma [iASKi) that G[S U A^] = H[S]. Thus x{G, S U A^, D) = 0. Since q G V{H), we 



have q ^ S U Ai. 

Conversely, assume that x{G, S,D) = for some ^ ^ S ^ V{G)\{q}. Then S G S(G, D), 
SnV{H) ^ 0, and q ^ SnV{H). By Lemma [ilsKii), we have G[SUA2] = H[SnV{H)], where 



A2 = {x\xeAH,T{x) CS}. Therefore, by Lemma 4. 14,0 = xlG, 5, D) = x{G,SUA2,D) 



x{H,V{H)nS,D). D 

Theorem 4.22. Every divisor D G Div^^^(r) is equivalent to a unique q-orientable divisor. 



Proof. By Theorem 4.18 we may assume that D is an orientable divisor. 



Existence. Letting G be a model for {r,Do), we apply a similar procedure as in the 



proof of Theorem 4.18 For A; > 0, while Dk is not g-orientable, find a maximal element 



Sk G Sq{G,Dk), and fire the simple cut associated to G[Sk\ and Dk towards G[Sk] to obtain 



Dfc_i_i. As in Claim 1 of Theorem 4.18, G is a semi-model for D^ for all A; > 0. We will prove 



that this process will terminate in a finite number of iterations. 

Let Dk = Dq^, where Ok is an orientation of F (equivalently, an orientation of G). By 
the maximality of Sk, for any vertex p in Sk = V{G)\Sk there exists a directed path from q 
to p in Ok- While obtaining Dk+i (equivalently, Ok+i) from Dk, we only move the chips on 
E{Sk,Sk), so Ok+i coincides with Ok on E{G)\E{Sk, Sk). Since Dk is not g-orientable, and 
Sk G Sq{G, Dk), we know that x{G, Sk, Dk) = 0. This means that there can be no incoming 
edge into Sk in Ok- Thus, for any edge e G E{Sk,Sk), if e contains no chips then e must 
be directed away from Sk in Ok, and if e contains one chip at pe, then there must be two 
incoming oriented edges at pe (i.e., e looks locally like — t-^— at pe). 

In obtaining -Dfc+i from Dk, at least one chip must arrive at some vertex v & Sk- Thus 
there is a directed path from g to f in Ok+i- Since Ok+i = Ok in E{H)\E{Sk, Sk), every 
vertex in Sk is also directed away from q in Ok+i- If Dk+i is still not g-orientable, there 
exists Sk+i such that x{G,Sk+i,Dk+i) = 0. Since every vertex in 5*^ U {v} has a directed 
path from q, and q ^ Sk+i, we have Sk+i ^ •S'fcyjf }. Thus, Sk+i is strictly contained in Sk- 
This process must terminate in a finite steps since V{G) is finite. 



Uniqueness. (Similar to the proof in the finite graph case, see Theorem |4. 10) Let Di and 



D2 be distinct orientable divisors and write Di = D2 + A(/). Let G be a (weighted graph) 
model for F such that V{G) contains Supp(Di) U Supp(D2)- Then G is a model for both 
(T,Di) and (T,D2)- Moreover, / is linear on every edge of G, because A(/) = Di — D2 is 
supported on V{G). Thus, Di and D2 are both orientable divisors on G. 

Consider the (non-empty) set X C V{G) where / achieves its (global) minimum value. 
We have 

< xiG, X, D,) < xiG, X, D2) - d{X, X) = -x(G, X, D2) < , 

where d{X, X) is the number of edges in G between X and X- It follows that x{G, X, Di) = 
xiG, X, D2) = 0. This means that in any orientation associated to Di, all edges are directed 
away from X, and in any orientation associated to D2, all edges are directed away from X. 
Thus there cannot be a point q for which Di and D2 are both g-orientable. D 
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4.3. Break divisors following Mikhalkin-Zharkov. In this section we sketch an alter- 



native approach to Theorem 1.1 based on tlie Mikhalkin-Zharkov theory of tropical theta 
functions [MZOSj . 

Let Q be the canonical positive definite symmetric bilinear form on ifi(r,M) which is 
integer- valued on A = HiiV, Z). One defines the tropical theta function 6 : Hi{T, M) — )■ M by 

e{x) = max{Q{\,x)-lQ{\,\)}. 
AeA 2 

This function is quasi-periodic with respect to A, in the sense that 

6{x + jj,) = 6{x) + Q{j^, x) + -(5(/i, /i) 

for all /i G A. 

Although 9 is not A-periodic, it follows from quasi-periodicity that its corner locus [9] is, 
and therefore one can regard [9] as a subset of Jac(r). More generally, for A G iJi(r,]R) 
define 9x{x) := 9{x — X). Then the corner locus [^a] can be regarded a subset of Jac(r), and 
this subset depends only on the class of A in Jac(r). 

Similarly, fix g G F and let fx = Sq : T -^ Jac(r) be the corresponding Abel-Jacobi map. 
For each A G Jac(F) there is a well-defined pullback divisor D\ = ^*[9x] G Div(F), and 
Mikhalkin-Zharkov prove that -Da is an effective divisor of degree g. They also prove that 
there is a canonical continuous map a : Pic^(F) — )■ Div^(F) giving a section to vr : Div^(F) — )■ 
Pic^(F) defined by cr(7r(D)) = -D^4d)+k5 where k G Jac(F) is the tropical Riemann constant. 

Proof of Theorem \1. 1\ following Mikhalkin-Zharkov. It follows from Lemma 8.3 of |MZ08] that 
Dx is a break divisor for each A G Jac(F). In particular, every degree g divisor D (which we 
may assume to be effective) is linearly equivalent to a break divisor, namely D' = o"(7r(Z})). 
To prove that the break divisor D' is unique, we first claim that every break divisor is of 
the form Dx. Since every Dx belongs to the set S of break divisors, it follows that the image 
S' of the canonical section a is contained in E. As Pic^(F) is compact, S' is also compact. 



Moreover, E' contains E°, since \D\ = {D} for D G S° by Lemma 3.5 As S° is dense in E, it 
follows that E' = E. In particular, this proves that every break divisor is of the form Dx for 
some A G Jac(F) as claimed. It also proves that vr maps E homeomorphically onto Pic^(F), 
and that cr o tt is the identity map on E. 

Suppose now that D[ and D2 are both break divisors with D[ ~ Dg. By what we have 
just shown, there are Aj G Jac(F) with D'- = Dx^ for i = 1,2. As D[ ~ D2, we have 
fj;^,{D[) = ^^{D'2) and thus a{'K{D'^) = a^ii^Di^)). But a o tt is the identity map on E, so 
D[ = D'2 as desired. D 

4.4. Break divisors and universally reduced divisors. Break divisors, like g-reduced 
divisors, provide a way for us to pick out a distinguished representative from each linear 
equivalence class of divisors. In this section we link the two notions by characterizing break 
divisors as limits of degree g effective divisors which are g-reduced for all g G F. 

Lemma 4.23. An effective divisor D on T is q-reduced for every q E T if and only if 
\D\ = {D}. 
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Proof. If D is g-reduced for every g G F, it follows from the least action principle that 



D\ = {-D}, exactly as in the proof of Lemma 3.5 Conversely, if D is effective then for every 



q the unique g-reduced divisor Dq equivalent to D is also effective, so if \D\ = {D} we must 
have Dg = D. D 

We define a divisor on T to be universally reduced if it has degree g, is effective, and is 
g-reduced for every g G F. 

Theorem 4.24. The set S of break divisors on F is equal to the closure in Div^(F) of the 
set of universally reduced divisors. 



Proof. Let Q be the set of universally reduced divisors. By Lemma 3.5, S contains a dense 



subset E° belonging to Q. Since S is compact, we have S C ^2. To prove the reverse inclusion. 



note that if D G f2 then by Lemma 4.23 we have \D\ = {D}. Since D is equivalent to a 



break divisor by Theorem 1.1 .D must itself be a break divisor. Thus f2 C E, and by taking 



closures we obtain fi C S as desired. D 

4.5. Integral break divisors on finite graphs. Suppose G is a finite (unweighted) graph 
and that F is the associated metric graph in which all edges of G are assigned length 1. We 
let S(G) := S n Div^(G) denote the set of integral break divisors, i.e., those break divisors 
which are supported on vertices of G. Inside Pic (F), for each integer d, we have the finite 
subset Pic'^(G') consisting of linear equivalence classes of divisors of degree d supported on 
the vertices of G. For d = the set Pic''(G') is a group whose cardinality equal to the number 
of spanning trees in G, and each Pic (G) is a torsor for Pic''(G). 

Theorem 4.25. The canonical map vr : Div^(F) — )■ Pic^(F) induces a bijection from S(G) 
to Pic^(G). In particular, the number of integral break divisors is equal to the number of 
spanning trees of G. 



Proof. Choose g G V{G). Then the result follows from Theorem 4.10, which says that every 



element of Div^ ^{G) is linearly equivalent to an integral divisor of the form Dq with O a 



g-connected orientation, together with the equivalence of Theorem 1.1 and Theorem 1.2 D 

Remark 4.26. One can interpret Theorem |4.25| as follows: although the set of spanning trees 
of G is not canonically a torsor for Pic''(G), the set S(G) of integral break divisors is. Fixing 
a vertex g of G gives a bijection between Pic°(G) and Pic^(G), and for a generic choice of 
A G Jac(F) there will be exactly one element of Pic^(G) + A in each open cell C^. Thus the 
pair (g. A) provides a bijection between elements of Pic°(G) and spanning trees. 

5. The dual Matrix-Tree Theorem 

5.1. Weights of spanning trees and volumes. Let F be a metric graph and let the 
weighted graph G be a model for F. Given any spanning tree T of G we define the weight of 
T to be the product of the lengths all edges of G not in T: 

w{T):= n ^(e) 
We also define 



(5.1) w{G) ■.= Y,^{T) 



T 
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the sum being over all spanning trees of G. It is easy to check that w{G) is invariant under 
refinement, and therefore depends only on the underlying metric graph F. We will therefore 
also denote w{G) by w(T). 

Let A be a lattice, i.e., a free Z-module of some rank g equipped with a symmetric integer- 
valued bilinear form (-, ■) whose corresponding quadratic form is positive definite on Ak := 
A ® M. We denote by Vol (A) the volume of any fundamental domain for A, or equivalently, 
the volume of the the real torus Ak/A. If M is any Gram matrix for A, i.e., the matrix 
((Aj, \j)) where Ai, . . . , Ag is a basis for A, then it is well known that Vol(A) = ^ydet{M). 

Our goal in this section is to give a geometric proof, via the decomposition of Pic^(r) into 
the cells Ct, of the following "dual version" of Kirchhoff's Matrix- Tree Theorem: 

Theorem 5.2 (Matrix- Tree Theorem, Dual Version). The volume of the real torus Jac(r) is 
Vol(Jac(r)) = ^yw{T). Equivalently, if M is any Gram matrix for the cycle lattice Hi{T,Z) 
thendet{M) =w{T). 

One can explicitly calculate a Gram matrix for ifi(r,Z) as follows. Fix an arbitrary 
orientation of the model G and a spanning tree T of G. For each e ^ T, the fundamental 
cycle c(T, e) is the unique element of Hi{G, Z) contained in T U e. It is well known that the 

set 

C(r):={c(r,e): e G i5;(G)\E(T)} 

of fundamental cycles associated to T forms a basis for Hi{r, Z). 

Let m = \E{G)\ and let g = \E{G)\ - \V{G)\ + 1 be the rank of Hi{T,Z). Let CTt denote 
the g X m matrix whose rows correspond to basis elements c(T, e) G C(T). For this, first fix 
a labeling {ei, 62, • • • , 6^} of E{G). The (i, j)-entry of (t-r is 

+ \/Hfij) if +Gj appears in c(T, Cj); 
'\/Hej) if —Cj appears in c(T, Cj); 
otherwise. 

Then ^t^\^ is a Gram matrix for i7i(F,Z) and consequently for any spanning tree T we 
have 



(5.3) Vol(Jac(F)) = y'det((rT(2:^) . 

Alternatively let T) denote the m x m diagonal matrix whose {i, i)-entry is \J i[ei). Then 
^T = ^.'rpl) where €'rp is the matrix whose (i, j)-entry is 

+ 1 if +ej appears in c(T, Cj); 
-1 if —Cj appears in c(T, Cj); 
otherwise. 

Fix an identification of Jac(r) with Pic^(r) and let Vt be the cell in Jac(r) corresponding 
to the cell Gt in Pic^(r). In order to prove Theorem 5.2, it suffices to prove the following 
result: 



Proposition 5.4. Vo\{Vt) = w{T)/^/det{€^^ = u;(T)/Vol(Jac(r)) 
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Proof. Let e denote the orthogonal projection of an oriented edge e in CiiT, M) onto Hi(T, M). 
Then the volume of Vt is equal to the ■\/det(£T£y), where Ht is the g x m matrix whose 
rows correspond to the basis elements e for e ^ T. 

Let 2)t denote the g x g diagonal matrix whose (z, z)-entry is \fKei) for e^ T. Then 
£t = 2)r(C:rC^r)"^'^T since 

Now we also have 
and therefore 



Vol(Pr) = -^/det(2)^((rTlt^)-i2)^) = det(2)T)V\/det((trC:T) = w(T)/-^/det((rTC:^) 

D 



5.2. Matroid duality. We now explain the precise sense in which Theorem 5.2 is dual to 
the usual version of Kirchhoff 's Matrix- Tree Theorem. In order to do this, we first give a 
slightly more canonical formulation of the latter. 

Given any spanning tree T of G, we define the coweight of T to be the product of the 
lengths all edges of G in T: 

w'iT) := n ^''i^y 

e£E(T) 

We also define 

w'{G):=J2^'iT) 

T 

to be the sum of w'{T) over all spanning trees of G. 

Note that, unlike w{G), the quantity w'{G) is not invariant under refinement and is there- 
fore not an invariant of the metric graph F. 

Theorem 5.5 (Kirchhoff' s Matrix- Tree Theorem, Canonical Version). Let B he the cocycle 
lattice (or lattice of integer cutsj of G . Then Vol(i?)^ = w'{G). Equivalently, if M' is any 
Gram matrix for B then det(M') = w'{G). 

If we fix a vertex q of G, then the reduced Laplacian matrix Q' = Qq obtained by deleting 
the row and column corresponding to q in the usual weighted Laplacian matrix for G is the 
Gram matrix of the basis for B consisting of d*{p) for vertices p ^ q, where d* : C^{G, Z) — )■ 
C^(G, Z) is adjoint to the usual boundary map d : Ci(G,Z) — )■ Co{G,Z). We therefore 
obtain: 

Corollary 5.6 (Kirchhoff 's Matrix- Tree Theorem, Usual Version). Fix q G V{G) and let Q' 
be the corresponding reduced Laplacian matrix. Then det(Q') = w'{G). 



Theorem 5.5 is dual to Theorem 5.2 in the precise sense that it is obtained by interchanging 
the cycle lattice with the cocycle lattice and weights with coweights. As is well known, 
interchanging the cycles and cocycles in a graph is a special case of matroid duality. 
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5.3. The dual Matrix- Tree Theorem via Cauchy-Binet. The classical linear-algebraic 
proof of Kirchhoff 's Matrix- Tree Theorem is an application of the Cauchy-Binet formula. For 



completeness, we explain here how a "dual" version of this argument yields Theorem 5.2 



Recall that for each e E T, the fundamental cocycle b(T, e) is obtained from the unique cut 
in G associated to T\e. (There is one subtlety when we are working with weighted graphs; 
we need cocycles to be orthogonal to cycles, so if e' appears in the unique cut in G associated 
to T\e, the coefficient of e' in b(T, e) will be ±l/i{e').) The set 

B(T):={b(T,e): e e E{T)} 

forms a basis for B. 

Let m = \E{G)\ and n = \V{G)\. Let ®t denote the [n — 1) x m matrix whose rows 
correspond to basis elements b(T, e) G B(T). Using the fixed labeling {ei,e2,--- ,6^} of 
E{G), the (i, j)-entry of ®t is 

+l/^yi{ej) if +ej appears in b(T, Cj); 
-l/^yi{ej) if —Cj appears in b(T, Cj); 
otherwise. 

Alternatively 23t = ^S'^^S)"^ where ^B'j^ is the matrix whose (i, j)-entry is 

-1 if +ej appears in b(T, e,); 
-1 if —Cj appears in b(T, Cj); 
otherwise. 

Let 21 be any matrix whose columns are indexed by E{G) = {ei, 62, ■ • ■ , 6^}- For a subset 
S C E{G), let ^{S} denote the sub-matrix of 21 obtained by deleting the columns in S, and 
let 2l[S'] denote the sub-matrix of 21 obtained by deleting the columns not in S. The matrix 
^'rp is totally unimodular, since the determinant of an (ra — 1) x (n — 1) submatrix ^7^ [5] is 
±1 if S correspond to a spanning tree T' of G and it is otherwise. It therefore follows from 
the Cauchy-Binet formula that 

det(Q') = det(®T^^) 

= det(53^2)-2Q3'^) 

= ^det(53fr2)-2[r]) X det(53'^[r]) 



J2w'{T')det{^'T[T']) X det(*B'^[r]) 

T' 
T' 



T' 



= w\G) , 
the sum being over all spanning trees T' of G. 
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A dual version of this argument yields another proof of Theorem 5.2 Indeed, (t^ is totally 
unimodular since the determinant oi a g x g submatrix €'j^{S} is ±1 if 5* corresponds to the 
complement of a spanning tree T' of G and it is otherwise. Thus 

det((tTc:T) = det(c:^2)^c:'^) 

= ^det((r'7,D2{T'}) X det((r'^{T'}) 

T' 

= ^t(;(r)det(C:^{r}) X det{(E%{r}) 

T' 

T' 
T' 

= w{G) . 

Remark 5.7. Yet another proof of these results, based on induction and the deletion-contraction 
identities, can be found in |Bol98t Chapter II, Theorem 12]. 

Remark 5.8. Using the Matrix- Tree Theorem and its dual, together with the fact that 
w'{G) = w{G)/{Y[eeE(G) ^(^))' if ^ is ^^y Gram matrix for the cycle lattice of G and M' is 
any Gram matrix for the cocycle lattice of G, then 

(5.9) det(M) = det(M')/( JJ i{e)) 

eeB(G) 

or, equivalently. 



(5.10) Vol{Hi{G,Z))=Vo\{B)/jY[ i{e) 

e€E(G) 



Moreover, if one assumes equation (5.9) then the usual Matrix- Tree Theorem and its dual 
version are clearly equivalent. 

5.4. Equivalence of the Matrix- Tree Theorem and its dual version. We indicate 



how one can prove (5.9) by a direct matrix computation (without utilizing the Cauchy- 



Binet formula), and thus deduce the usual Matrix- Tree Theorem from our geometric proof 



of Theorem 5.2 It would be nice to have a more conceptual geometric proof of (5.10). The 
following computation can be considered as the generalization of the computations in |KS00l 
Lemma 3.4] and in |CY09t Lemma 2] for weighted graphs. 

Lemma 5.11. For any spanning tree T of G, 

det(53T23^) = det((rT(tT)/( H ^(^))- 

ee-B(G) 

Proof. Write <Lt = C^^S) and 23^ = 23^2)"^ as before. For convenience, assume that the 
labeling {ei, 62, • • • , em} of E{G) is chosen so that ei, ■ ■ ■ , e^ ^ T. Then ^j, = (^Ig F) where 
Ig is the g X g identity matrix and F is a g x (n — 1) matrix. We can correspondingly write 
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53^ = (-Bi -B2) for some {n — l)xg matrix Bi and some (n — 1) x (n — 1) matrix i?2- Since 
53^C:^* = 0, we have Bi + B2F* = 0. So we may write 53^ = B2 (-F* /„_i). We also write 



2)^ 



Di 
D2 



for diagonal matrices Di of size g x g and D2 of size (n — 1) x (n — 1). 
Since i?2 is unimodular, we have 

det(Q3r23^) = det(53^2)"^25^*) 



det(S2(-F* 4_i)D- 



^n-l 






det((-F* /„_0 (^^f ^^ 
det((-F* /n-i)("^L!^) 



-F 

I-n-l 



On the other hand, 



= det(L'2"^ + F'D^^F) 
det((rrC:^) = det((r^2)2(r^*) 



det((/, F) 



Di 
D2 






det(Di + FD2i^*) • 



It follows from Schur's determinant identities (see Lemma 5.12 (iii) below) that 
det(L'i) det(D^^ + F'D^^F) = det{Di + FD2F') det{D^^) 



or 



det{D^^ + F'D^^F) = det{Di + FD2F')/{det{Di) det{D2)). 
This completes the proof because 

det(Di)det(D2) = det(2)2) = JJ i{e) . 

e£E{G) 



D 



Lemma 5.12 (Schur's determinant identities). Assume A is an r x r matrix, B is an r x s 
matrix, C is an s x r matrix, and D is an s x s matrix. 

(i) If A is invertible then 



det ( ^ ^ j = det(A) det{D - CA'^B) 
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(ii) If D is invertible then 

det (^ ^ j = det{A - BD-^C) dei{D) . 

(iii) // A and D are invertible then 

det(A) det{D - CA-^B) = det{A - BD-^C) det{D) . 
Proof, (i) follows from 

A B\ _ (A 0\ fir 0\ fir A-^B 

C D ~ [o Is [C Is [o D-CA-^B 



ill] follows from 



A B\ _ fir BD-^\ fA-BD-^C Q\ f h 
C d]~\{] L ]\ Dj \D-^C Is 



U 



Remark 5.13. 

(i) Schur's determinant identities are for many purposes the "correct" way to generalize 
the determinant formula 

det I ,\ = ad — he 

to n X n matrices with n > 2, see for example |Taol3] and |Zha05] . 
(ii) In the special case where A = Ir and D = Is we obtain the more well-known Sylvester 
determinant identity 

det (J, - BC) = det{Is - CB) 

which was used in jKSOOl Lemma 3.4]. 
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